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Abstract. In this paper, we settle the problem for time-dependent Hartree 
equation with inhomogeneous boundary condition in a bounded Lipschitz do- 
main in R^. A global existence result is derived. 
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In this paper, we are concerned with the foUowing Hartree type equation posed 
on a bounded smooth domain of 

( iut — Au — A|i| * X G il, < G M 



where G A > 0, and Q G C^{d^ x (— cxd,+cx))) has compact support and 

satisfy the compatibihty condition on in the sense of trace. Here we denote by 



We now normahze the constant A = 1. 

There is a very large literature on the nonlinear Hartree equation in the whole 
space R^, for instance, see ([4] — [H]). One of the interesting results concerning 
existence and uniqueness of global solutions to Cauchy problem is the paper of 
Chadam and Glassey where they even show that there exists an unique global 
solution to the Cauchy problem of the Hartree system with an external Coulomb 
potential. For small data, the scattering of the global solution is proved in [TT] . 
Recently, ij^(R^) critical Hartree equation is settled and global well-posedness and 
scattering results are obtained in [16] . Stationary solutions of these equations are 
of great interest to people in the past years. We can solve the remaining problem 
of E.Lieb that the positive solutions to the Hartree equation are minimizers of the 
corresponding functional in [15j. However, we are aware that very few authors 
are concerned with the corresponding problems for Hartree equation in a bounded 
domain in with inhomogeneous boundary condition. It is well-known that 
inhomogeneous boundary value problems for Hartree type Schrodinger equations 
have physical implications. For instance, in one space dimension, such problem are 
often called forced problem when an external force is applied to the time evolution 



1. Introduction 



(1.1) 
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of systems. Frequently the forcing is put in as a boundary condition. This is the 
motivation for us to consider the problem in this paper. 

There are also relatively a few results for non-linear Schrodinger equations in 
a bounded domain in M.^ with inhomogeneous boundary conditiion. When space 
dimension > 1, Strauss and Bu 17J obtained the global existence of a solution 
to such Schrodinger equation if the nonlinear term contributes a positive term to 
the energy. In [18 , Tsutsumi obtained interesting result for nonlinear Schrodinger 
equation on exterior domains. 

In this paper, we establish a global existence result for (|l.ip borrowing an idea 
from the work Tf]. For (|1.1[) . the conservation of mass and energy do not holds. 
A direct computation shows that the growths of the norm and energy take the 
forms 

(1.2) 4- I \u?dx = 2/m / u^dS 

(1.3) ^E{u)^Re [ ut^dS 

dt Jgn dn 



where 



(1.4) E{u)=J^j\Vu 



2 + 77-7 * luPlupda; 
4 b 



At first it seems not easy to make use of such identities. Of course, reducing 
the problem into homogeneous one does not work well too. Using more identities 
derived from the Hartree equation, we can set up the following existence result. 

Theorem 1. Let ft be a bounded smooth domain in M.^ . Assume (p G H^{^1), 
Q £ C^{dQ, X (— cx3,+oo)) have compact support and (f>{x) = Q{x,0) on dfl in the 
sense of trace. Then there exists a unique solution u G Cioc{{—oo,oo),H^{Q?)) to 

The paper is organized as follows. In the next section, we introduce some no- 
tations and a basic extension result from Sobolev spaces. Section [3] is devoted to 
apriori estimates of the solution of p.ip . The local and global existence results are 
concerned in Section [3) 

2. Notations and an extension Lemma 

In this section, we introduce some notations that will be used throughout the 
paper. 

Assume there exists a smooth real- valued function ^ satisfying 

S.\dn = (6, • • • ,S.n) = n 

where n is the standard outer normal vector for d^l. 
Denote by 

T - A 
' ~ dx, ' 



i 

and 

P = Vu\Qn. 
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We also let 

Re = the real part, Im = the imaginary part. 
We recall a well-known extension result which will play an important role for 
apriori estimates later. 

Lemma 2. Assume is bounded domain in M.^ such that dil is Lipschitz, then 
there exists a bounded linear operator 

E : H\Q) ^ H\R^) 

such that for each u G H^{n), 

E{u)=ua.e.in VL\ ||i;M||^i(R„) < C||ii||^i(o). 

For the proof of this result, we refer to the books Ij and [9]. 

3. APRIORI Estimates 

We now employ the idea [17] to establish apriori estimates for the smooth solution 
uof (HI]). 

Lemma 3. If u is a smooth solution of then u satisfies the following three 

identities: 

(3.1) ^{( \u\^dx) = 2Im ( Q{P-n)dS, 
"■t Jn Jan 

(3.2) 1(1 [ \Vu\'dx + \ f ^.\u\'\u\'dx) = Re [ {P-n)Q,dS, 
dt 2 4 7o \x\ 

and 

(3.3) f ■ \/u) — 2iRe'y^ ( dkijdjudkU + i ( Vrj-Vuu 
dt Jn J J, Jn Jn 
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iJ^Re f ^*\u\^^j\u\^ + i f l-^\u\^\Q\2dS + i f \P\^dS 
J Jn fI Jdn fI Jdn 

-2i [ \P-n\^dS+ [ QQtdS-i [ P ■ mjQdS. 
Jdn Jdn Jan 

Proof: To prove (|3.ip . we multiply the equation in (|l.ip by 2u and then take 

the imaginary part to obtain 

d 

— = 2/mV • (Vmu). 

Integrating over Q yields to 
d 



dt 



/ |up = / 2/mVu • nudS = 2Im / Q{P ■ n)dS. 
Jn Jdn Jdn 



Similarly, multiplying the equation in p.ip by 2ut and then taking the real part, 
we have 

2ReV ■ {Vuut) - ^|VMp + ^ * l^l'g^l"!' = 0. 
Integrate over SI to obtain 
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Since 



thus identity (13. 2p follows. 
To establish p.3|) . noticing 



urjUt 

n 



on 



we get 



(3.4) = y2 [ ut£,jdju-utdjuij+ [ QQtdS - [ 

: Jn Jdn Jn 



Substitute the equation in into (13. 4|) . we obtain 



(3.5) + / QQtdS - / r/uut. 

Jaf2 Jn 

Note that 

—2iRe / AudjU^j = —2iRe / d^i^udjU^j 
Jn Jn J, 

= 2ii?e >^ / dk{djU^j)dkU — 2iRey^ / djUrijdkunkdS 
f. Jn Jdn 

= -iRe [ dj^j\Vu\^ + iRe [ n^j\PfdS 
Jn Jdn 

+2iRey^ / dkS,jdjudkU — 2iRe ^ / djurijdkunkdS. 

Add j = 1, • • • , TV to obtain 

— 2iV^i?e / AudjU^j — ~i r/| Vup + 2«i?e / dk£,jdjudkU 
j -^^ -^^^ j,k -^^^ 

+i I \PfdS-2i [ \P-nfdS. 
Jdn Jon 

Similarly, 



+1 f l-^\u\^\Q\^dS-t f7J-^*\u\M 

Jdn Fl J Fl 
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Taking the conjugate of the equation in ()l.ip . multiplying by rju and integrating 
over n yields to 

rjuut — ^ [ rjuAu — i [ rj- — - * 
Jn Jn fI 

= ~i V?]\7uu — i / ?7|Vwp+i / P ■ nrjQdS — i / rj- — - * 



Jn Jn Jan 

Substitute the above results into p.4p . the identity (|3.3p follows, 

4. Local and Global Existence 

Denote by 

\u?{y) 



n \x\ 



n \x ~ v\ 



dy. 



For Hartree equation we need the following Lemma dealing with the Hartree 

nonlinearity term. 

Lemma 4. There exists a constant C > independent of ||f ||_ffi(o) o-i^d 11^11/^1(0) 
such that 

\\fiv)v - f{w)w\\Hi(n) < C(II«IIhi(j7) + 11^11^1(0))!^ - w\\min) 



Proof: Apply Hardy's inequality in 

|2 



pN 



[ ^dx<C||Vii||i.(R„),Vwe7Ji 

■/K« \X\ 



and the extension lemma to obtain 



ll/(w)llL~(n) = sup / -dy 

X Jn \^ - y\ 



\x-y\ 

< C\\VEu\\l2^^n)\\Eu\\l^. 



Similarly , 



l|V/(u)|U~(j^) < sup / 
X Jn 



^dy 



n\x-y 

< C\\VEu\\l, 
in) 



< C\\u\\l 



and 



||/(.)-/HIU^(o) < / ^^^^^^y 



n F - y\ 
< C{\\v\\L2(n) + \\w\\L2(^n))\\v - w\\Hi(n)- 
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For simplicity, we drop the integration domain f2 hereafter. For v,w £ H^{fl), we 
have 

\\f{v)v-f{w)w\\H^ < C\\f{v){v^w) + ifiv)-fiw))w\\H^ 

< Ci\\fiv)iv-w)\\H^ + \\{f{v)-f{w))w\\Hi) :=I + II 
We now estimate terms I and II by using the above inequahties. 

I=\\f{v){v-w)\\H^ < C{\\f{v){v-w)\\L2 + \\\/f{v){v-w)U2 

+ ||/HV(« - w)\\l-) = C{h +I2+ I3), 

where 

h = \\fiv)iv~w)\\L2 < \\fiv)\\L^\\v~w\\L2 <C\\v\\1,\\v-w\\h^, 
h^\\Vfiv)iv~w)\\L2 < \\Vf{v)\\L^\\v-w\\L2<C\\v\\l,\\v-w\\H^, 

and 

h = \\.nv)V{v - w)h2 < ll/HIk^ ||V(t- - w)h^ < CMI, Ik - y^Wm- 
Similarly, 

II = IK/H - fMU']\\m < C{\\{f{v) ~ f{w))wh2 + ||V(/(«) - f{w))w\\L2 

+\\ifiv) - f{w))yw\\L.) = c[h + 4 + hi 

where 

h^\\{f{v)^f{w))w\\L^ < \\if{v)-fiw))\\L^\\w\\L2 

^5 = ||V(/(i;)-/H)^I|l^ < \\y{f{v)-fH)\\L^\\w\\L2 

< C{\\v\\hi + \\w\\h^)\\v ~ w\\h^\\w\\l2 

< C{\\v\\j,, + \\wrm)\\v-wUr, 

and 

l6^\\ifiv)-fiw))Vw\\L2 < \\ifiv)-fiw))h^\\Vw\\L2 

< C{\\vrm + \\w\\mv-w\\H^. 

This completes the proof. 

The proof of the following lemma is similar to related one given in [T7] . 

Lemma 5. For any Co > 0, there exists Tq > such that if < Co, then 

there exists a unique solution u G C([0, Tq], -ff^(il)) which solves U.l\) . 

Proof: We choose Q{x, t) to be any function on 51 x [0, +00) with compact 
support in x such that 

AQ = f{Q)Q-iQt, mfl 
Q = Q, dnx[0,+oo) 

Set V = u — Q. Then v solves 

i-wt = Au + AQ - iQi - /(u + (3)(u + Q), in n 
(4.1) { i;(0) =0(x) -g(x,0) :=7A(a;), 

w = 0, dnx [0, +00) 
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Given G Hq , the problem ()4.ip can be written as the integral equation 



v{t) = e-''^i>{x) - i / e-*(*-^)^(AQ - iQt - .f{v + Q){v + Q))ds :^ n{v) 
Jo 

where e~**'^ is a group of unitary operators on Hq{Q) to itself, v{t) e HQ{il,). 
Consider the set 

E^{ve Ci[0,To],H^m : ||«||c([o,To],ffi(0)) = maa;o<t<T„ < M}. 

Define 

d{v,w) = ||w - w||c([o.To],ffi(n)); for every u, w e 

Thus {E, d) is a Banach space. 

For V e E, \\tp\\Hi < Co and each Tq > 0, there exist constants Ctq and Ctq 
such that 

\\niv)\\Hi < mHi,+ f \\^Q-^Qt-f{v + Q){v + Q)\\HidS 

Jo 

< MhI+C [ i\\v + QrH.)\\v + Q\\H^dS + CTo 

Jo 

< Mhi+CToM^ + Cto. 

Similarly, 

\\n{v)-Hiw)\\Hi < II f e-'('-'^^{f{v + Q){v + Q)-f{w + Q){w + Q))ds\\Hi 



Jo 

< I \\f{v + Q){v + Q)~ f{w + Q)[w + Q)\\Hids 
Jo 

< [ i\\y + Q\\m + \\^ + Q\\m)h-w\\Hids 
Jo 

< 2{M + C)Tod{v,w). 

Take M = 2(Co + Cto) and choose suitable small Tq > to satisfy CIVPTq < \ 
and 2(Af + C)Tq < i. Then we conclude that 7i is a strict contraction in {E,d). 
By Banach fixed point theorem, for any Co > 0, there exists To > such that 
there is a unique solution v G E to (|4.ip . Thus u — v + Q is the unique solution in 
C([0,To],Fi) to (fTTH . 

Next we use the above results to prove Theorem[T] In fact, once establishing the 
following lemma. Theorem [T] follows. 

Lemma 6. Let T > be fixed. Let u be the solution of iLl]) in the space 
C{[0,T], H^{fl)). Then there exists a constant Ct > such that \\u\\h^ < Ct 
for allO<t<T. 



Proof: We remark that we have set up the identities (|3.ip . (13. 2p . (|3.3p for 
the smooth solution of (jl.ip with smooth initial and boundary datum. By the 
approximations and a subsequence passage to the limit, we can set up the existence 
of the unique solution u G C{[Q,T], H^) for general data. Hence we shall always 
consider smooth data. 

At each point on dil, we can write 

|P|^ \P-nf + |A- VQI^ 
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where A ■ VQ denotes the tangential component of P. Substituting the above 
identity into (13. 3|) . we find 



i [ \P-n\^dS + i [ P-nf]QdS^~dt [ u(C • Vw) + 2ii?e V / dkt 
Jon Jan Jn j k 

"'f^ 1^1 Jan 

+i I ^*\u\^\Q\^dS + i [ \A-VQ\^dS. 
Jan fI Jon 

Note ^j's are smooth functions on fl and Q G C'^ with compact support in x, then 



< c 



4 



, ,2 



and 



I / ^*|«p|Q|2d5| = I / / 



\u\Hy) . 
\x-y\ 



dy\Q\''ix)dS\ 



< C||u||i2(n)||u||i/i(n) 

Combine the above inequaUties with the identity (|3.2p and integrate over [0,t] to 
obtain 

(4.2) I I \P- nl'^dSdr < \ f ■ Vu)dx\ + \ f (/.(^ V'^)dx\ 
Jq Jdo. Jn Jn 

+C [ I iVul'-^dxdr + C / \\u\\'jji f^^^dr 



Jn 



-C 



f f \Vu\\u\dxdT+ f f \A-WQ\^dSdT + C f \\u\\%^^^)dT 
Jo Jn Jq Jan Jo 



Denote by 



\QQ^\^dSdT + C / \P-nQ\dSdT. 
lo Jan Jo Jan 



J={f f \P -nl^dSdr)^. 
Jq Jan 



Since Q is with compact support, and (p G H^{il), each term in (|4.2p involving 
(j), Q is bounded. Therefore 

J^<Co + ClJ + cf \\u\\%,^^-^dT + C f \\ufH^(^n)dT + C\\u\\l,^^y 
JQ JQ 
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Recall the identities (13. 1|) , ()3.2p in Lemma [3l we have 



= \\ur, 



< ||u(0)|U2(o) +2/m / 1/ P-nQdS\dT 
Jo Jan 



< c + cJ 



and 



/ \Vuf = \\Vu\\l.^^-^ < f |V0|2 + 2 f\ f {P-n)Q^dS\dT<c + cJ. 
Jn Jn Jo Jan 



In Jn Jo Jan 

So we get by Gronwall's inequality that 



t 

2/ 



< 5i(T) + C2(r)J + S3(T) / r{s)dS, 

Jo 

which implies that 

J < C{T) 

for some uniform constant C(T) > 0. Therefore J is bounded for every bounded 
T > 0. Thus ||u||hi(o) is bounded by C{T). This completes the proof of Lemma ID 

For any bounded interval [0, T], T — 1, 2, ■ • • , there exists unique solution u G 
C([0, T],H^{n)) to p.ip . and the case —00 < t < can be proven in the same way. 
The uniqueness follows from the standard argument, one may see fT3]. Thus we 
have proved Theorem [T] 

Acknowledgement: The authors would like to thank Mr.Jing Wang for helpful 
discussion. 
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